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1. INTRODUCTION 
For any finite group G, let d(G) denote the minimum number of elements 
needed to generate G, and let Op(G) denote the subgroup of G generated by 
all the @-elements of G (i.e., the smallest normal subgroup N such that G/N 
is a p-group). The purpose of this paper is to prove the following result: 
THEOREM A. Suppose that G = NK is a finite group, where N is a 
normal elementary abelian p-subgroup of G, and K acts irreducibly on N. 
Assume further that d(K) = m, and that K has a maximal subgroup A4 with 
d(M) = m - 1 (m > 2). Then one of the following possibilities occurs: 
(i) d(G) = m; 
(ii) K centralizes N and d(K/OP(K)) = m; 
(iii) K/C,(N) is cyclic, and there is a normal subgroup C, of 
C = C,(N) such that 
c/c, = v, x v, x ... x v+,, 
where each Vi is isomorphic to N and the action of K/C on each Vi is 
isomorphic to the action of K/C on N. Moreover, each non-trivial element of 
K/C acts fixed-point-free on N, and the centralizer of K/C in Aut(N) has 
order INI - 1. 
The conclusions of Theorem A are mutually exclusive; in other words, if 
G satisfies conclusion (ii) or (iii), then d(G) = m + 1. We verify this in 
Section 6. 
Clearly, neither conclusion (ii) nor (iii) can occur if K acts faithfully on 
N. So we have the following immediate corollary: 
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COROLLARY B. Suppose that G = NK is a finite group, where N is a 
normal elementary p-subgroup of G, and K acts faithfully and irreducibly on 
N. Assume further that d(K) = m and that K has a maximal subgroup M 
with d(M) = m - 1 (m > 2). Then d(G) = m. 
The notation used in this paper is fairly standard; the reader is referred to 
[2] in particular. Throughout the paper, we will assume that all groups 
mentioned are finite. 
2. PRELIMINARY RESULTS 
In this section we prove some general results about d(G), where G = NK, 
with N a normal elementary abelian p-subgroup of G, K irreducible on N 
and d(K) = m. Set C = C,(N). Since C centralizes N and is normal in K, C 
is normal in G. 
PROPOSITION (2.1). Suppose that K = (g,, g, ,..., g,), and set L = (x, g,, 
x2 g, ,**-, x,g,), where xi E N (i= l,..., m). Then, if d(G) = m + 1, we have 
that G=NL andNnL= 1. 
Proof Since G = NK, it is clear that G = NL. Since Nn L is normalized 
by L, and since L acts irreducibly on N, we have that N n L = 1 or N. If 
NnL=N, then G=L and d(G)=m; so NnL= 1 as required. 
PROPOSITION (2.2). d(G) = m if and onZy if d(G/OP(C)) < m. 
Proof First note that Op(C) is characteristic in C, and hence normal in 
G. Set 6= G/Op(C). If d(G) = m, then it is clear that d(G) < m. Conversely, 
suppose that d(G) Q m, and let 
K = (8,) gz,..., g,). 
Then K= (g,,g 2 ,..., S,). Since G = NK, by [ 1 ] we can find x1, x2 ,..., x, in 
N such that 
G = (qg, ) R, g* )..., x, g,). 
Set L = (x, gl,x2g2,..., x,g,), Then G = NL = O”(C)L, and we may 
assume that N n L = 1 by Proposition (2.1). Thus 
so that [Op(C): Op(C) n L] is a power of p. However, Op(C) n L is normal 
in L and centralizes N, so that Op(C) n L is normal in G. Thus Op(C) f7 L 
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contains Op(Op(C)) = Op(C), and so Op(C) is contained in L. But then 
G = L, a contradiction. 
PROPOSITION (2.3). If D is the fill pre-image of @(C/Op(C)), then 
d(G) = m if and only if d(G/D) < m. 
ProoJ Set G= G/D. If d(G) = m, it is clear that d(G) < m. Conversely, 
suppose that d(c) < m. Let 
K = (g, 3 gz,..., g,>, 
so that K = (8, , g2 ,..., gm). By [ 11, we can find x, , x2 ,..., x, in N such that 
Set L = (x, g, , x2 g, ,..., x, g,), so that G = DL. If G’ = G/Op(C), then G’ = 
fi’L = @(c)E. But a(c) is contained in Q(G) by [3, Theorem (9.3.7)], so 
that 6 = 1. Thus d(G) < m, and so d(G) = m by Proposition (2.2). 
PROPOSITION (2.4). Let D be the fill pre-image of @(C/Op(C)), and let 
C, be the subgroup of C minimal with respect to the following conditions: 
(i) D < C, < C; 
(ii) C, is normal in K, and the action of K/C on a minimal non-trivial 
(K/C)-invariant section of C/C, is isomorphic to the action of K/C on N. 
Then d(G) = m if and only if d(G/C,) < m. 
Proof: First note that C, is uniquely defined by minimality and 
conditions (i) and (ii), for if C, and C, both satisfy conditions (i) and (ii), 
then C, n C, also satisfies conditions (i) and (ii). Set G= G/C,. If 
d(G) = m, it is clear that d(G) < m. Conversely, suppose that d(G) < m. Let 
K = (s, , g, ,..., s,), 
so that K = (g, , g2 ,..., g,). By [ 1 ], we can find x, , x2 ,..., x, in N such that 
G = (2, g,, x2 gz )...) x, g,>. 
Set L = (4 g,, x2 g2,..., x, g,), so that G = C, L = NL. By Proposition (2. l), 
we may assume that N n L = 1. Now C, is normal in K and centralizes N, 
so that C, is normal in G. Then C, n L is normal in L and centralizes N, so 
that C, n L is normal in G. Set G= G/(C_, n L). Then G= c,z =fl& 
where c”, n ,? = 1, and we may assume that Nn z = 1 by Proposition (2.1). 
By [4, Proposition (2.1)], the action of z on c, is isomorphic to the action 
of ,? on #. So the action of I?‘, and hence of K/C, on e, = C,/(C, n L) is 
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isomorphic to the action of K/C on N. But then C, n L satisfies conditions 
(i) and (ii), so that C, n L = C, by the minimality of C,, and thus G = L, a 
contradiction. 
PROPOSITION (2.5). Suppose that d(G) = m + 1. Then, if 
K = (g, 9 g, ,..., g,>, 
and if 
K, = (g,,g2s-,g,n-,), 
then K, n g;‘K, g, is contained in C. 
Proof: Set A = K, ng;‘K, g,, L = (K,, g,x) (x E N). Since A is 
contained in g; ‘K, g,, g,Ag; ’ is contained in K, , and hence in L, and so 
kW’ cn&,‘krx) = x-‘Ax is contained in L. But A is contained in K, , 
and hence in L, so that [A, x] is contained in L. But [A, xl is contained in N, 
and Nn L = 1 by Proposition (2. l), so that [A, x] = 1. Since this holds for 
arbitrary x in N, we have that [A, N] = 1, and thus that A is contained in C 
as required. 
3. THE CASE WHERE C Is CONTAINED IN M 
Throughout Sections 3, 4 and 5, let G = NK be a counterexample to 
Theorem A. Let M be a maximal subgroup of K with d(M) = m - 1, say, 
and set C = C,(N). The purpose of this section is to prove the following 
result: 
PROPOSITION (3.1). C is not contained in M. 
So, throughout his section, we shall assume that C is contained in M, and 
we shall write c= G/C, i?= K/C, etc. 
PROPOSITION (3.2). C is a proper subgroup of M. 
Proof: Suppose that C = M. Let N, be a subgroup of N of order p, and 
choose g in K -M. Set L = (N, M, g}. Since M is maximal in K, L = 
(N,, K). Since K acts irreducibly on N, L = G. Thus, if d(N, M) = m - 1, 
then d(G) = m; so assume that d(N, M) = m. Let D be the full pre-image of 
@(M/OP(M)). Applying Proposition (2.3) to N,M, we have that 
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d(N, M/D) = m. Since M/D is an elementary abelian p-group which 
centralizes N, D/D, we have that d(M/D) = m - 1. 
Since M is maximal and normal in K, K/M is cyclic of order q (q a 
prime), and since K/M is represented faithfully and irreducibly on N, q fp. 
Applying Proposition (2.3) to NK, we have that d(G/D) = m + 1. Hence 
d(K/D) = m. But K/D is a split extension of an elementary abelian p-group 
M/D of rank m - 1 by a cyclic group Q/D of order q. So Q/D must 
normalize each cyclic subgroup of M/D of order p, or else we would have 
that d(K/D) < m. 
Suppose that N is non-cyclic. Then, if we choose C, as in 
Proposition (2.4), we see that C, = C = M. By Proposition (2.4), we may 
assume that d(G/C,) = m + 1. But G= G/C, is an extension of an 
elementary abelian subgroup N by a cyclic group acting irreducibly on N; so 
d(G) = 2, and hence m = 1, a contradiction. Thus N is cyclic. We now see 
that G satisfies conclusion (iii) of Theorem A. 
PROPOSITION (3.3). K is a Frobenius group with complement fi. 
Proox If gE K -IV, we have that K = (M,g), and thus that 
M n Mg = C by Proposition (2.5). The result follows from Proposition (3.2) 
and [2, Theorem (2.7.7)). 
Notation. Let T be the full pre-image in K of the Frobenius kernel of i?. 
PROPOSITION (3.4). T is an elementary abelian q-group (q prime, q #p). 
Proof: Since r is a Frobenius kernel, T is certainly nilpotent 12, 
Theorem (10.3. l)]. S ince M is maximal in K, a is maximal in K; it now 
follows easily that r is an elementary abelian q-group for some prime q, 
since rn ii;i = 1. Since K is represented faithfully and irreducibly on N, we 
have that q fp. 
PROPOSITION (3.5). r is cyclic of order q. 
Proof: Suppose that t E T - C, and that t centralizes x E N - ( 1 }. 
Without loss of generality, t has order n, where n is co-prime to p. Then 
(tx)” = tP and (tx)” = x”, so that (tx, M) = (t, x, M). But A4 is maximal in K, 
so that (tx, M) = (x, K). Since K acts irreducibly on N, (tx, M) = G. But 
d(M) = m - 1, so that d(G) = m. So we may assume that every element of 
r-- { 1) acts fixed-point-free on N. Thus T is cyclic by [2, Theorem (3.3.3)]. 
COROLLARY (3.6). li? is cyclic of order dividing q - 1. 
We are now in a position to prove Proposition (3.1). Since Xi is cyclic, we 
may assume that g, E C (i = 2,..., m-l).LetiET-{l},sothatK=(i,g,). 
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From Section 5 of [4], we see that there exists x in N such that (? = (z, g,). 
Set 
so that G = CL. Clearly M is contained in L, and so C is contained in L; 
thus G = L is not a counterexample to Theorem A. 
4. THE CASE WHERE C Is NOT CONTAINED IN M 
PROPOSITION (4.1). K= CM. 
ProoJ: Since M is maximal in K, this follows directly from 
Proposition (3.1). 
Notation. Throughout this section, set A = 0 {Mg 1 g E K). A is normal 
in K and centralizes N by Proposition (2.5), so that A is normal in G. 
PROPOSITION (4.2). C/A is a p-group. 
Proof. Suppose that C/A is not a p-group; then we can choose a p’- 
element g in C -A. There is a conjugate M, of M such that g E K-M, ; 
since M, is maximal in G, K = (M,, g). Set o(g) = n, and let x E N - (1 }. 
Since g E C, g centralizes x. Set L = (xg, M,). Since (xg)” = gp and 
(xg)” = x”, we have that L = (x, g, M,) = (x, K). Since K acts irreducibly on 
N, we have that L = G. But d(M,) = d(M) = m - 1, and so d(G) = m, a con- 
tradiction. 
PROPOSITION (4.3). C/A is elementary abelian. 
Proof: Set C= C/A, and suppose that Q(C) is non-trivial. Let B be the 
full pre-image of Q(C) in K, so that B is normal in K. If B. is contained in 
M, then B is contained in A, a contradiction; so B is not contained in M, and - - 
thus K = BM by the maximality of M, so that K = @(C)M. But C is normal 
in i?, and so Q(C) is contained in Q(K) by [3, Theorem (9.3.7)]. So K = fi, 
a contradiction. 
PROPOSITION (4.4). A = M n C. 
ProoJ Clearly A is contained in Mn C. Since C = C/A is elementary 
abelian, M n C is normal in C, and so M n C is normal in C. But M n C is 
normal in M, so that Mn C is normal in K by Proposition (4.1). Thus 
Mn C is contained in A, and so A = Mn C as required. 
PROPOSITION (4.5). K/A is a Frobenius group with kernel C/A and 
complement M/A. 
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ProoJ: If g E K - i’t4, then K = (M, g), and so A4 n MR is contained in C 
by Proposition (2.5). Thus Mn Mg is contained in A by Proposition (4.4). 
Set K = K/A, so that i@ n I$?” = 1 for g E K - n?. So, providing ji? is non- 
trivial, K is a Frobenius group with complement M by [2, Theorem (2.7.7)]. 
Since c is normal in K, K = CM and cn E = 1, we have that c must be 
the kernel. 
So suppose that M = A, so that K = C by Proposition (4.1). Since K acts 
irreducibly on N, N is cyclic of order p. By Proposition (2.3) if D is the full 
pre-image of @(C/Op(C)), then C/D is elementary abelian of rank m. G is 
then seen not to be a counterexample to Theorem A. 
PROPOSITION (4.6). M/A acts irreducibly on C/A, and the action of M/A 
on C/A is isomorphic to the action of M/A on N. 
Proof: Since M is maximal in K, fi is maximal in K = K/A. Since C is 
normal in K and cf? @ = 1, we must have that &i acts irreducibly on c. 
Since G is a counterexample to Theorem A, we must have that d(G) = 
m + 1. Let D be the full pre-image of @(C/Op(C)), and let C, be the 
subgroup minimal with respect o: 
(i) D < C, < C; 
(ii) C, is normal in K, and the action of K/C on a minimal non-trivial 
(K/C)-invariant section of C/C, is isomorphic to the action of K/C on N. 
Then, by Proposition (2.4), d(G/C,) = m + 1, and so d(K/C,) = m. 
Suppose now that the action of ii? on c is not isomorphic to the action of 
n;? on N. Then C, is not contained in A, and, since A is a maximal M- 
invariant subgroup of C, we must have that C = C, A. So K = CM = C, M. 
Thus K/C, is isomorphic to M/(Mn C,). But then d(K/C,) = 
4WW n C, >> < d(M) = m - 1, a contradiction. So the action of E on c is 
isomorphic to the action of E on N. 
5. COMPLETION OF THE PROOF 
In this section, we complete the proof of Theorem A. 
Choose C, as in Proposition (2.4), so that d(G/C,) = m + 1. Set 
c= G/C,. Since c is a normal Sylow p-subgroup of K, we have that 
K= CX by the Schur-Zassenhaus theorem, where 2 is a p/-group. Then, 
using Maschke’s theorem, we have that 
where each vi is f-invariant, and the action of x on each vi is isomorphic 
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to the action of x on ii! Set v”+, = fl. Moreover, by Proposition (4.6), we 
may assume that 
Since d(G) = m + 1, we must have that d(E) = m and d(H) = m - 1. 
Suppose that some element V in NC - { 1) is not contained in an 
irreducible f-subgroup of NC. Then, choosing our vi suitably, we may 
assume that (6’) contains vi x vj.-So, choosing our V suitably, we may 
assume that (0’) contains v, x I’,,+, . But then G = (M, V), and so 
d(G) < m, a contradiction. 
So every element of NC - ( 1) is contained in an irreducible T-subgroup of -- 
NC. Let Horn&V, N) denote the set of all homomorphisms from N to fl -- 
which commute with the action of 2, and set r = /Horn&V, N)l. By 12, 
Theorem (3.5.6)], the number of irreducible X-subgroups of P, x 
v, x ... xV,(l<k<n+l)isgivenby 
(rk - l)/(r - 1). 
Set q = INi. Since every non-trivial element of V, X ..e X V, lies in an 
irreducible y-subgroup, we must have that 
(rk- l)/(r- 1)X (q- l)=qk- 1 (1 <k<n+ 1). 
Setting k=2, we see that (r+ l)(q- l)=q’- 1, so that r=q. -- 
By [2, Theorem (3.5.2)], every non-zero element of Horn&V, N) is an 
isomorphism; thus the centralizer r of x in A = Aut(@ has order q - 1. If y 
is a non-trivial element of r, then 2 acts on CAY), and, since x is irreducible 
on Is, Cdy) = 1. So ii? is a Frobenius group with complement ZY Since r 
has order q - 1, r acts irreducibly on fl. So, by [2, Theorem (3.5.2)], -- - - - - 
Horn@, N) is a division algebra. Since / Hom,(N, N)I is finite, Horn&V, N) 
is a field by Wedderburn’s theorem. So x is a subgroup of the multiplicative 
group of a finite field, and is thus cyclic. 
Lastly, it remains to check that 12 = m - 1. Clearly 
z? = (?J,, IT* )...) Un, X), 
where fi is a non-trivial element of vi (i = l,..., n) and x= (2), so that 
n > d(K) - 1 = m - 1. However, there exist gi in Z? such that 
fv = (i!, 3 g2 T..., g,>. 
-- -- 
Since K/C is cyclic, we may assume that g, C generates K/C and that gi E C 
(1 < i < m - 1). But every element of z is either a p-element or ap’-element, 
since each non-trivial element of x acts fixed-point-free on C, so that we may 
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assume that X = (g,). Each gi lies in an irreducible X-subgroup of C 
(l<i<m-1), so that (g,,g, ,..., g,) isoftheform (u,X...Xa,-,)X, 
where vi is the irreducible &ubgroup containing ii (i = I,..., m - 1). So we 
must have that n = m - 1 as required. 
6. COMMENTS ON THE CONCLUSIONS OF THEOREM A 
In this section we shall check that, if G satisfies conclusion (ii) or (iii) of 
Theorem A, then G does not satisfy conclusion (i). If G satisfies conclusion 
(ii), then G= G/OP(K) = # x K is a p-group with d(K) = m; clearly, 
d(G) = m + 1, and then we must have that d(G) = m + 1. So suppose that G 
satisfies conclusion (iii), so that K/C is cyclic of order II, where (p, n) = 1. 
Using the Schur-Zassenhaus theorem, G/C, is an extension of V, x 
v2 x *** X V,,, by X, where V,,, = NC,/C, and X has order n. Suppose that 
G/C, = (a,, ~2 ,...> ak) with k < m + 1. Since G/C, is cyclic, we may assume 
that a , ,..., ak-, E NC/C, and that a,C generates K/C. Since K/C acts fixed- 
point-free on NC/C,, every element of G/C, is either a p-element or a p’- 
element, and so we may assume that X = (uk). Since the centralizer of X in 
Aut(N) has order INI - 1, we may count (as in Section 5) to check that 
every element of NC/C, lies in an irreducible X-subgroup. So 
( a,, a,,..., ak) = (U, X U, X ..a X U,- ,)X, 
where Ui is the irreducible X-subgroup of NC/C, containing ai. (Clearly, we 
may assume that no Ui is contained in U, x . . . x Ui-, x Ui+ , x . . . x U,- ,). 
But G/C, = (V, x e a. X VJX, where k - 1 < m, and so (a,, a, ,..., ak) 
cannot be equal to G/C,, a contradiction. Thus d(G/C,) = m + 1, and so we 
must have that d(G) = m + 1. 
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